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Abstract The cloned dynamical system theory is introduced and the Lyapunov 
exponents of this system are qualitatively proven to be same as the original dynamical 
system. This property indicates that these two systems have the same error 
propagation speed in the phase space, and thus we can interpret the phenomenon as 
why the ensemble mean method sometimes is not effective. 
1 Introduction 
We consider a dynamical system to satisfy 
( )X f X= ，where ( )1 2, , , TmX X X X= " ， ( )1 2, , , Tmf f f f= " ,    (1) 
and we define 
t
t i
X
j
fT matrix
X
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
, *tXT  is the adjoint matrix of 
t
XT . 
The multiplicative ergodic theorem tells us that if the following limits exists 
(Oseledec 1968, Ruelle 1979, Eckmann and Ruelle 1985)： 
( ) 1* 2lim t t tX X Xt T T→∞ = Λ ，        (2) 
where XΛ  is a matrix, then the Lyapunov exponents can be defined as ： 
( )1lim ln itXt T ut
λ→∞ = ， ( )
i
Xu E∈ ( )1iXE +  ，    (3) 
where ( ) ( ) ( )1 2 kλ λ λ> >" ，is the logarithm of the eigenvalue of XΛ . 
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( )i
XE  is the subspace of 
mR  corresponding to the eigenvalues ( )exp iλ≤ . 
 
2 the independent and associated cloned dynamical systems 
Theorem 1：We consider an independent cloned dynamical system defined by  
( )
( )
( )
1 1
2 2
n n
x f x
x f x
x f x
=⎧⎪ =⎪⎨⎪⎪ =⎩


#

           (4) 
Where ( ),1 ,2 ,, , , Ti i i i mx x x x= "  and f  are the same as in equation (1). Each 
sub-systems in equation (4) have different initial values, ( )0ix . Since they following 
the same dynamical function, f , we call it an n-th cloned dynamical system. The 
Lyapunov exponents of equation (4) are the same as in equation (1) but the number of 
Lyapunov exponents is nk . 
Proof： 
Because each ( )i ix f x=  in equation (4) is independent of other components and 
can be looked upon as an independent and self-organized dynamical system, each of 
the sub-systems is m-dimensional and in total we have n m×  dimensions.  
The Jacobian matrix for equation (4) is  
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0 0 0
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0 0
n
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⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
%
"
,      (5) 
where 
t
t i
i X
j
fJ T matrix
X
⎛ ⎞∂= = ⎜ ⎟⎜ ⎟∂⎝ ⎠
. When we obtain the limit of this matrix, the value 
will be determined by the main diagonal matrix: 
( )
1
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%
"
.     (6) 
The ergodic property guarantees that i XΛ = Λ , moreover, the Lyapunov exponents of 
each system can be defined by equation (3), and the n-th subsystem together has 
nk exponents. 
Theorem2：We consider a linear system associated with a cloned dynamical system 
defined by 
1
n
i i
i
y c x
=
= ∑ ，and 0ic ≠ , where ix  is same as equation (4), ie. 
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Transforming the variable in the sub-equation ( )n nx f x=  by 1
1
1 n i
n i
in n
cx y x
c c
−
=
= − ∑  
will obtains the equation ( )1 2 1, , , ,ny g x x x y−= " . 
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and the Lyapunov exponents of ( )1 2, , , ,ny g x x x y= "  are the same as in equation 
(1). 
Proof： 
the Jacobian matrix for equation (8) is 
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, where 
t
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i X
j
fJ T matrix
X
⎛ ⎞∂= = ⎜ ⎟⎜ ⎟∂⎝ ⎠
 and 
t
i
i
j
gR matrix
x
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
. It has different values to equation 
(5) in the last m rows, but when we obtain the limits, 
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     (9) 
it will be determined by the main diagonal matrix. The ergodic property guarantees 
that i XΛ = Λ , so each Lyapunov exponents is the same as in equation (1), including 
the maximal Lyapunov exponents. 
 
3. Conclusion and discussion 
Following theorem 2, and taking 1ic n
= , thus
1
1 n
i
i
y x
n =
= ∑  is the ensemble mean 
system of ix , and its Lyapunov exponents are the same as in equation (1). Meanwhile, 
the maximal Lyapunov exponents for the equation ( )1 2, , , ,ny g x x x y= "  are (1)λ . 
Because the ensemble mean dynamical system has the same maximal Lyapunov 
exponents, thus the prediction time is thus 
max 0
1~ ln( )pT δ
Δ
λ  (where Δ  is a given 
tolerance) and will be same as the original dynamical system in equation (1). 
This discussion is under the assumption of linear error propagation, when 
considering nonlinear error propagation different dynamics will be obtained. However,  
when 0 0δ → , the difference of pT  between linear and nonlinear cases is not 
significant(Ding and Li 2007). 
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